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Abstract

A homogenization method is presented for dynamic analysis of truss structures motivated by large satellite applications.

The proposed method was previously compared to a full finite element procedure and the experimental verification of the

homogenization approach is presented here. Local strains in a planar truss are found in terms of the strain components

evaluated at the center of the repeating truss element. Kinetic and strain energy expressions are then derived in terms of the

spatial and time derivative of the displacement components at the center of the truss element. Necessary assumptions are

made to reduce the order of the strain field of the full model to a geometrically reduced order model. Hamilton’s principle

is employed to find the governing partial differential equations of motion for the equivalent continuum model. It is shown

that the dynamic equations for this structure are similar to those of an anisotropic Timoshenko beam theory. Finally the

natural frequencies of the structure are found using the one-dimensional homogenized model. A truss structure was

fabricated and tested for the purpose of validation of the developed theory. The results for the frequency response

functions and the natural frequencies from the continuum model are shown to be in good agreement with the experiment.

As a result, the method shows promise as a tool for use in the analysis and design of lattice structures.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

During the past few years there has been increasing interests for the design of radar satellites to operate in
medium Earth orbit (MEO) in order to provide better coverage than low Earth orbit (LEO). Such technology
will require fewer satellites for global coverage and thus reduce the overall system costs. A radar antenna
operating in MEO has to be so large that it could not launch on existing rockets [1]. Inflatable technology is
the solution to this problem. While NASA has flown more missions with mechanically deployed systems so
far, inflatable structures can be compressed into far smaller packages and offer a solution not currently
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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Nomenclature

AL, Ad cross-sectional area of longerons and
diagonals

A(k) cross-sectional area of member k

Aeq. cross-sectional area of the equivalent
continuum model

c wave speed
dj modal participation factor
EL, Ed modulus of elasticity of longerons and

diagonals
E(k) modulus of elasticity member k

Eeq. modulus of elasticity of the equivalent
continuum model

f frequency (Hz)
Ib moment of inertia at the boundaries
Ieq. rotary inertia of the cross section of the

equivalent continuum model
k superscript for member k

K element stiffness matrix
LL, Ld length of longerons and diagonal
L(k) length of member k

mb mass at the boundaries
mj mass of the joints
M moment
N longitudinal force
Q transverse shear force
t time
T kinetic energy
Tm total kinetic energy of the bar members

in the truss element

Te kinetic energy of the truss element
T(k) kinetic energy of member k

Tj kinetic energy of the joints
u1, u3 displacement components (in x, z direc-

tions)
u1
0, u3

0 displacement components (in x, z direc-
tions) evaluated at the center of the cross
section

U1j mode vector j of the longitudinal vibra-
tion

U3j mode vector j of the bending vibration
U strain energy
Ue strain energy of the truss element
U(k) strain energy of member k

Vx,i, Vz,i velocity components of node i of a bar
member

x, y, z Cartesian coordinates
ai(i:1-6) mode shape parameters
ex, ez, exz strain components evaluated at the

center of the cross section
e(k) strain in member k

kz curvature component of the cross section
l wavelength
rL, rd density of longerons and diagonals
r(k) density of member k

req. density of the equivalent continuum
model

c0 rotation of the cross section
Cj mode vector j of the rotational vibration
o natural frequencies of the truss in (rad/s)
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available using traditional components. Many proposed inflatable designs for space applications consist of
truss-like or lattice structures due to their simplicity of construction and large stiffness to mass ratios.
Therefore inflatable lattice-type structures are a very suitable solution for space applications and there is
primary need for understanding the dynamic behavior of such structures. One such approach is finite element
analysis (FEA); however, FEA requires a significant amount of storage capacity and run time to obtain
reliable solutions when the number of truss members in the structure is large. Hence, they naturally lead to
large order models with limited ability to include damping and may become too large for low-order control
law designs. Moreover, many times in dynamic analysis the FEA produces more modes of vibration than are
actually needed [2]. Alternatively, the existing methods for control designs for distributed parameter systems
can be applied effectively if appropriate continuum model of the structure can be found. Another important
advantage of the continuum modeling approach is that a transfer function can easily be obtained between the
sensing and actuation points of the structure using the closed form solution [3] which is more desirable than a
black box solution for control purposes and can be applied more effectively than FEA. Finally analytical
solutions provide better insight into dominant structural physics and behavior and hence can aid in the
preliminary design.

Large space structures are too flexible and large to be ground tested. Hence, modeling becomes a key in
predicting the structural behavior of such systems. It is possible to ground test the individual components of
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these structures in their inflated and rigidized state as previously done in Refs. [4–6]. Once the physical
parameters of these components are tested and known, it is desirable to be able to build a model of the truss
system made of these components. The method presented here addresses this problem by the proposed
homogenization approach. To verify this approach a small-scale metal model of an assembled truss with hinge
joint was constructed and tested. This test structure is then used to validate the proposed method. Once
validated experimentally as described here and against finite element method as described in Refs. [7,8], the
proposed modeling method can be used with confidence for design and control studies.

The following reviews some notable contributions to the analysis of lattice structures. In Refs. [9,10], the
local effects are included and the nodal displacements of a truss structure are linearly expanded around their
values at the center of the cross section. The reduced order mass and stiffness matrices are derived (a numerical
solution); subsequently, the natural frequencies are found. A continuum model for a beam-like lattice truss
with rectangular cross-section was developed in Ref. [11] in which the theory of Refs. [9,10] was modified to
account for warping of the rectangular cross-section. In some other related work, the continuum models for
repetitive beam-like trusses with orthogonal tetrahedral configurations were found [12]. The authors of this
work consider an asymmetric configuration in which the axial and shear effects are coupled and the
fundamental static and free vibration equations are derived using the constitutive relations and Newton’s law.
A summary of different approaches on developments of continuum models are reviewed by Ref. [13]. The
authors categorize these methods in four different groups: (1) direct methods, (2) discrete field methods, (3)
periodic structure approaches, and (4) substitute continuum approaches. In Refs. [14,15] the equivalent
stiffness and mass matrices of truss elements with different configurations are found and compared for
their stiffness to mass ratios. In another work the governing partial differential equations for a two-
dimensional (2-D) lattice structure were derived using the force–displacement relations and Newton’s law [16]
but no local effects are included which causes inaccuracy for structures with small number of elements. In this
model the equivalent stiffness of a truss element is found by applying unit loads in different directions and
finding the static deformations. In Ref. [17] the effective elastic and dynamic characteristics for a repeating
element are found to derive the reduced FEA mass and stiffness matrices and to find the natural frequencies
and mode shapes. The author of a previous work developed a continuum model for large periodic lattice beam
using the spectral element approach [18]. His method involves the derivation of the transfer matrices by
assembling the spectral element matrices for each structural member within a lattice cell (a numerical
solution). The equivalent structural properties for 2-D lattice trusses are presented in that work. The
equivalent beam properties in static analysis of beam-like lattice trusses based on the concept of energy
equivalence were determined in Ref. [19]. The continuum stresses and strains are defined by their average
values over the element. This method is applied to 2-D lattice elements to find the static deflections. It is shown
in Ref. [20] that the forces and deformations of a small segment of the truss structure can be related to those of
the continuum model to find the anisotropic effective rigidities (stretching, bending, and shearing), and the
coupling between them. The local effects in the fundamental truss elements are ignored in the proposed
method. In another work, the method of discrete homogenization was employed for continuous modeling of a
quasi-repetitive lattice structure [21]. The method consists of assuming an asymptotic series expansion for the
node displacements and the tension in truss bar members. The balance equations of nodal displacements and
force–displacement relations were developed by the Taylor’s expansion of finite differences. The solution is
then found by numerical methods for a 2-D truss structure. A complete survey on the two classes of numerical
discrete field approaches is provided by Dean and Avent [22]. These approaches are the Micro method,
by which one constructs and solves difference equation models (or difference differential equations for
mixed discrete–continuous systems), and the Macro method, by which one constructs and solves the
summation equation models (or summation integral equations for mixed discrete–continuous systems). In
both approaches a set of governing difference equations are obtained and employed to find the continuum
model [23–25].

Among all the existing methods for continuum modeling of the structures with repeated patterns very few
have been validated experimentally. One such example is the work presented in Ref. [26]. The authors of this
work attempt to model a mast as a slender cantilever beam with a tip mass. The effective bending modulus of
the structure was obtained using a static load and the resultant deflection. The error for the natural frequencies
for this method is up to 92% for the first three bending modes. Presented in Ref. [27] is another work with an
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Fig. 1. Photo of the experimental setup.
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experimental verification of such approach. However, this work focuses on discussing a method of modeling
nonlinearities in the truss joints and the first three frequencies show an error around 10%.

In the current paper, we use a substitute continuum approach based on the energy equivalence concept. We
modify the assumptions for the strain and displacement field developed for a three-dimensional (3-D) structure
in Refs. [7,8,10] and present them in a form suitable for a planar truss. The local effects for the fundamental truss
element (variations of the strain values across the element) are included using a Taylor series expansion as
described in Refs. [7,8]. We make the necessary assumptions to solve for the strain components in the 2-D truss
in terms of those evaluated at the center of an element which is the same as the strain components of the
equivalent one-dimensional (1-D) model. A planar truss was fabricated and the frequency response functions
and the natural frequencies are found by an experiment to validate the theory. The results are shown to be in
good agreement with the experiment. Additionally the importance of including the masses at the boundaries is
shown using an experiment. This boundary condition refers to the part of the elements at the extremes of the
structure that cannot be included in the repeating elements. Therefore, the part of these members must be
included as a part of the boundary conditions. The latter is also a flaw in all the previous methods. Finally the
strain variations are also included in the kinetic energy expressions for the fundamental truss element (also
ignored in the previous models). This effect gives us slightly better accuracy for the higher modes of vibration.
Finally, the results show higher accuracy than those presented in Refs. [26,27].
2. Modeling

The structure studied in this work is motivated by the Innovative Space Based Radar Antenna Technology
program (ISAT).2 The truss structure presented here is shown in Fig. 1. Here we attempt to find the kinetic
and strain energy expressions for the repeating element shown in Fig. 2 as the first step in obtaining a
continuum model. The following sections outline the derivation of such expressions in terms of nodal
velocities and the strain components. These energy expressions are then written in terms of spatial and time
derivatives of the displacement components evaluated at the center of the elements which are the same as those
of the equivalent continuum model. Hamilton’s principle is then employed to derive the partial differential
equations of motion. These equations are then written in the form of an eigenvalue problem and solved to find
the frequency response function (FRF) and the natural frequencies of the system.
2.1. Strain energy

A view of the repeating element, the joints and their interconnecting parts are shown in Figs. 2 and 3,
respectively. The derivation of the strain energy of the repeating element is outlined in this section. The truss
2This program is funded by the Defense Advance Research Project Agency (DARPA).
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Fig. 2. Schematic of bar members and joints in the truss element.

Fig. 3. A view of the joint and the interconnecting parts.
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element consists of the shaded area shown in Fig. 2 and the remaining areas belong to the adjacent elements.
The members in the truss element are modeled as bars with pin joints. Therefore we assume linear variations
for the displacement components (u1,u3) along the z-axis and at the center of the cross section of an element.
So we get

u1ðx; y; zÞ ¼ u0
1ðxÞ þ zc0ðxÞ,

u3ðx; y; zÞ ¼ u0
3ðxÞ þ z�zðxÞ, (1)

where u1(x,y,z) and u3(x,y,z) are the displacement components along the x and z axes shown in Fig. 2
and u1

0(x), u3
0(x),and c0(x) are the displacement and rotation components evaluated at the center of the

element. The strain component ez(x) is the extensional strain in the z direction evaluated at the center of
the element and all of the u1

0(x), u3
0(x), c0(x), and ez(x) depend on the x coordinate only. Using Eq. (1)

the strain components can be found by taking the derivatives of the displacement field with respect to the
coordinates x, y, z,

�ðkÞx ¼
qu1

qx
¼

qu0
1

qx
þ z

qc0

qx
¼ �x þ zðkÞkz,

�ðkÞz ¼ �z,

�ðkÞxz ¼
1

2

qu1

qz
þ

qu3

qx

� �
¼

1

2

qu0
3

qx
þ c0

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

2�xz

¼ �xz, (2)
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where superscript k denotes each of the 5 bar members in an element and ex, exz, ez, and kz are the strain and
the curvature components evaluated at the center of the element and can be written as

�x ¼
qu0

1

qx
; �z ¼

qu0
3

qz
; �xz ¼

1

2

qu0
3

qx
þ c0

� �
; kz ¼

qc0

qx
. (3)

Similar to the assumptions made for a 3-D truss element in Ref. [10], a Taylor series expansion of the strain
relations around the coordinate x is then found to account for the strain values at locations with nonzero
values of x (points other than the center of the element where x ¼ 0). These can be expressed as

�ðkÞx ¼ �x þ zðkÞkz þ xðkÞ
q�x

qx
þ zðkÞ

qkz

qx

� �
,

�ðkÞz ¼ �z,

�ðkÞxz ¼ �xz þ xðkÞ
q�xz

qx

� �
. (4)

Members 1–4 shown in Fig. 2 are called the longerons and member 5 is the diagonal member. Using Eqs. (3)
and (4) we can expand the strain energy expression of the repeating truss element in terms of the displacement
components. A complete derivation is presented in Appendix A. This relation can be written in the following
form:

Ue ¼
ELALLL

4ðEdAdLd þ 4ELALLLÞ
2EdAdLdc

2
0 þ 2EdAdLd

qu0
3

qx

� �2
 

þ L2
LðAdEdLd þ 4ELALLLÞ

qc0

qx

� �2

þ 4AdEdLd

qu0
3

qx

qu0
1

qx

þ 2ð3EdAdLd þ 8ELALLLÞ
qu0

1

qx

� �2

þ 4EdAdLdc0

qu0
3

qx
þ

qu0
1

qx

� �!
. (5)

Here subscripts ‘d’ and ‘L’ define the diagonal and the longeron members, respectively.

2.2. Kinetic energy

The next step in obtaining the continuum model is to find the expressions for kinetic energy of the truss
element. The kinetic energy of the repeating element can be written in terms of the kinetic energy of the bar
members and the joints as

Te ¼
T ð1Þ

2
þ T ð2Þ þ

T ð3Þ

2
þ T ð4Þ þ T ð5Þ þ Tj, (6)

where T(1), T(2), T(3), T(4), and T(5) are the kinetic energy of the bar members and Tj is the kinetic energy of the
joints. Note that half of the bar members 1 and 3 belong to the adjacent truss elements; this is considered in the
derivation for the kinetic energy of this element. The same assumption was made for the strain energy
derivation. A complete derivation for this is shown in Appendix B. Finally, the kinetic energy of the truss
element can be expanded in terms of the time derivatives of the displacement components evaluated at the
center of the truss element. These displacement components are the same as those of the continuum model, so
we get

Te ¼
1

2
ð3ALrLLL þ AdrdLdÞ

qu0
1

qt

� �2

þ
qu0

3

qt

� �2
 !

þ
1

24
L2

Lð7ALrLLL þ AdrdLd Þ
qc0

qt

� �2

þ
1

4
mj 4

qu0
1

qt

� �2

þ 4
qu0

3

qt

� �2

þ L2
L

qc0

qt

� �2
 !

. (7)
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2.3. Hamilton’s principle and equations of motions

From Eqs. (5) and (7) and using Hamilton’s principle, the partial differential equations of motion can be
found in the following form:

c1 c0 þ
qu0

3

qx
þ

qu0
1

qx

� �
þ c3

q2c0

qx2
þ c4

q2c0

qt2
¼ 0,

c5
qc0

qx
þ

q2u0
3

qx2
þ

q2u0
1

qx2

� �
þ c2

q2u0
3

qt2
¼ 0,

c5
q2u0

3

qx2
þ

qc0

qx

� �
þ c2

q2u0
1

qt2
þ c6

q2u0
1

qx2
¼ 0, (8)

where

c1 ¼ 12AdEdLdALELLL,

c2 ¼ ð3ALLLrL þ LdAdrd þ 2mjÞðAdEdLd þ 4ALELLLÞ,

c3 ¼ �6L2
LðAdEdLd þ 4ALELLLÞALELLL,

c4 ¼ L2
Lð7ALLLrL þ 6mj þ LdAdrdÞðAdEdLd þ 4ALELLLÞ,

c5 ¼ �EdAdLdALELLL,

c6 ¼ �ELALLLð3EdAdLd þ 8ELALLLÞ. (9)

The above relation is shown in terms of the displacement components u1
0(x), u3

0(x), and c0 (longitudinal,
bending, and rotation of the cross section). These are all evaluated at the center of the truss and their
derivatives are found along the x coordinate (a 1-D continuum model). The equation shown above is in form
to the anisotropic Timoshenko beam model [16]. The conventional Timoshenko beam model was derived for a
homogenous isotropic material; a more general form of this theory (orthotropic) shown in Eq. (8) is required
for continuum modeling of the truss structure in which all three longitudinal, bending, and rotation of cross
section coordinates of vibrations are coupled. Ignoring the longitudinal vibration u1

0(x) in Eq. (8) results in a
conventional Timoshenko beam model.

2.4. Boundary conditions

The fundamental repeating truss element consists of the shaded area shown in Fig. 2 and the remaining
parts in the figure belong to the adjacent elements. By assembling this element along the length of the structure
there will be additional parts at the two ends of the truss which do not belong to any of the elements. Hence
they become part of the boundary conditions for the truss. These boundary conditions for the structure can be
expressed in the following form:

at x ¼ 0:

Nðx; tÞ ¼ mb

q2u0
1ðx; tÞ

qt2
; Qðx; tÞ ¼ mb

q2u0
3ðx; tÞ

qt2
; Mðx; tÞ ¼ Ib

q2c0ðx; tÞ

qt2
, (10a)

at x ¼ L:

Nðx; tÞ ¼ �mb

q2u0
1ðx; tÞ

qt2
; Qðx; tÞ ¼ �mb

q2u0
3ðx; tÞ

qt2
; Mðx; tÞ ¼ �Ib

q2c0ðx; tÞ

qt2
, (10b)

where mb and Ib are the mass and rotary inertia at the boundaries. Failure to include these at the boundary
represents a flaw in all the previously published methods. Fig. 9 depicts a comparison between the frequency
response function without including the boundary conditions and the experiment. The figure clearly shows the
non-negligible difference between the theory and the experiment. To include the effect of the boundaries, the
stiffness matrix of the element must be found; this is easily accomplished with Eq. (5). With the stiffness matrix
the longitudinal force N, transverse shear force Q, and the moment at the cross section M can be written in the
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terms of the displacement components in the following form:

N

Q

M

2
64

3
75 ¼

ALELLLð3AdEdLd þ 8ALELLLÞ

ðAdEdLd þ 4ALELLLÞ

ALELLLAdEdLd

ðAdEdLd þ 4ALELLLÞ
0

ALELLLAdEdLd

ðAdEdLd þ 4ALELLLÞ

ALELLLAdEdLd

ðAdEdLd þ 4ALELLLÞ
0

0 0
ALELLLðL

2
LðAdEdLd þ 4ALELLLÞÞ

2ðAdEdLd þ 4ALELLLÞ

2
66666664

3
77777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
K

qu01
qx

c0 þ
qu0

3

qx
qc0

qx

2
66666664

3
77777775
.

(11)

Appendix C shows a complete solution for the governing partial differential equations of motion and the
boundary conditions. Having Eq. (C.5) and the solutions for the mode shape parameters aj from Eq. (C.3), the
time response in Eq. (C.6) can be expanded in terms of frequencies o and the modal participation factors dj.
Additionally, the boundary conditions in Eqs. (10) and the constitutive Eq. (11) gives us a relation in terms the
displacement components and their spatial and time derivatives evaluated at the two ends of the truss
(boundary conditions). A combination of all these results in six linear algebraic equations that define the
boundary conditions for this structure and can be written in the form:

½gðoÞ�fdjg ¼ 0. (12)

To get a nontrivial solution it must be true that

jgðoÞj ¼ 0. (13)

Finally, the solution of the above equation provides the natural frequencies of the structure.

2.5. Wavelengths and frequencies

The natural frequencies from this model are compared with the values of an experiment as shown in the
following sections. It is also interesting to examine the error in the frequency estimations with respect to the
wavelengths. As previously mentioned, Eq. (8) is similar to the governing equations of motion of an
anisotropic Timoshenko beam. Therefore, from the coefficients in Eq. (9) we can find the material and
geometrical properties of the equivalent continuum model, the result is

Eeq:I eq:

req:Aeq:
¼

L2
LALELLL

2ð3ALLLrL þ 2mj þ LdAdrdÞ
. (14)

From the dispersion relation for the phase velocity of the bending waves we have

c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eeq:I eq:

req:Aeq:

4

s ffiffiffiffi
o
p
) c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2

LALELLL

2ð3ALLLrL þ 2mj þ LdAdrdÞ

4

s ffiffiffiffi
o
p

. (15)

Therefore, the wavelength for each frequency component is of the form of

l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2

LALELLL

2ð3ALLLrL þ 2mj þ LdAdrdÞ

4

s ffiffiffiffiffiffi
2p
f

s
, (16)

where f is the frequency in (Hz).

2.6. Effects of including the strain components in the kinetic energy of the repeating element

A complete derivation of the kinetic energy of the element is presented in Appendix B. As mentioned in the
appendix the strain values are ignored in this derivation, similar to Refs. [7,8,10]. Presented here is a
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modification of this method. For the case that the strain variations are included in the expression for the
kinetic energy of the fundamental truss element, we get

Te ¼
1

2
ð3ALrLLL þ AdrdLd þ 2mjÞ

qu0
1

qt

� �2

þ
qu0

3

qt

� �2
 !

þ
1

24
L2

Lð7ALrLLL þ AdrdLd þ 6mjÞ
qc0

qt

� �2

þ
AdEdLLLdð Þ

2

24 AdEdLd þ 4ALELLLð Þ
2
ð7ALrLLL þ AdrdLd þ 6mjÞ

q2u0
1

qxqt

� �
þ

q2u0
3

qxqt

� �
þ

qc0

qt

� �� �2

. (17)

Using Hamilton’s principle, the equations of motion for the system can be found as follows:

c1 c0 þ
qu0

3

qx
þ

qu0
1

qx

� �
þ c3

q2c0

qx2
þ c4

q2c0

qt2
þ c7

q3u0
3

qxqt2
þ

q3u0
1

qxqt2
þ

q2c0

q2t

� �
¼ 0,

12c5
qc0

qx
þ

q2u0
3

qx2
þ

q2u0
1

qx2

� �
þ 12c2

q2u0
3

qt2
� c7

q4u0
3

qx2qt2
þ

q4u0
1

qx2qt2
þ

q3c0

qxq2t

� �
¼ 0,

12c5
q2u0

3

qx2
þ

qc0

qx

� �
þ 12c2

q2u0
1

qt2
þ 12c6

q2u0
1

qx2
� c7

q4u0
3

qx2qt2
þ

q4u0
1

qx2qt2
þ

q3c0

qxq2t

� �
¼ 0, (18)

where the coefficients c1–c6 are given by Eq. (9). The coefficient c7 is

c7 ¼
ðEdAdLdLLÞ

2

ðEdAdLd þ 4ELALLLÞ
ð7ALLLrL þ rdAdLd þ 6mjÞ. (19)

Finding the solution for these partial differential equations results in the natural frequencies of the system.
These frequencies are presented in Table 4. The results are slightly more accurate when compared to the
previous case where all the strain components are ignored in the kinetic energy derivations. This is particularly
more noticeable for the last frequency shown in the table.

3. Experimental setup

Our goal here is to construct and test a 2-D laboratory truss to provide some element of validation for the
concept of the homogenization method presented here and in Refs. [7,8]. The structure consists of 9 truss
elements shown in Fig. 2. Each truss element is made of tubular bars and joints as illustrated in Figs. 2 and 3.
The longerons members are made of aluminum tubes and the diagonals are made of steel rods. Threaded
aluminum ball joints, shown in Fig. 3, are used to connect the bar members. Fig. 4 depicts a schematic of the
experiment with sensor and actuator locations. The truss structure was hung on wires from the ceiling at its
ends. The truss dimensions are 1960mm� 217.6mm. Other structural properties such as density and modulus
of longerons and diagonals are provided in Tables 1 and 2.

To validate the results of the continuum model, the natural frequencies and the frequency response
functions were obtained experimentally. Fig. 1 shows a photo of the experimental setup. The setup includes
the truss structure, a Windows 98 PC with Matlab 6.0, a Piezotron coupler model Kistler 5122, a SIGLAB
unit 20-42 DSP data acquisition Board (V3.2), an accelerometer (PCB PIEZOTRONICS Model 352C22) with
a sensitivity of 1mV/(m/s2), a shaker, a high voltage amplifier model TREK 50/750 and a force transducer
model 208 A SN 841 with a sensitivity of 112.410V/KN. A chirp signal of the frequency range of 1–500 (Hz) is
used as an input excitation to this structure. This signal is provided by the SIGLAB unit which is fed to the
shaker after passing through the amplifier. The resultant input force to the structure is then measured by the
force transducer which is attached to the shaker. The accelerometer is used to measure the acceleration of
measurement points in the truss. The PZT sensor in the accelerometer and the force transducer produce a
charge and the impedance converter in these elements convert this charge to a voltage signal that can easily
be measured. On the other hand the impedance converter requires a voltage and a current to operate. The
Piezotron coupler is used to supply this current and voltage to the accelerometer and the force transducer. The
data collected by the accelerometer and the force transducer was fed into the SigLab DSP Board which is a
signal-processing plug-in compatible with MATLAB. Finally the ratio of the force and acceleration gives us
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Table 1

Material and geometrical properties of the bar members

Member Cross sectional area (m2) Modulus (N/m2) Density (kg/m3) Length (m)

Longerons/battens 7.129� 10�5 6.8948� 1010 2416 217.6� 10�3

Diagonal 2.107� 10�5 2� 1011 7850 254.0� 10�3

Table 2

Properties of the truss

Total length of

truss (m)

Number of truss

elements

Mass of the ball

joint (kg)

Structure

weight (kg)

Mass at the

boundary (kg)

Rotary inertia at the

boundary (kgm2)

1.96 9 0.1927 4.836 0.1392 0.0016

Fig. 4. Schematic of the experimental setup.
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the frequency response functions for the measurement points. ME’scopeVES (Visual Engineering Series)
version 4.0 by Vibrant Technology Inc. is employed to plot the experimental mode shapes. An animation
snapshot of the experimental mode shapes are presented in Fig. 6.

4. Numerical results

The experimental natural frequencies are found using the peak–peak method presented in Ref. [29] and the
results for the theory and the experiment are presented in Tables 3 and 4. The errors in the estimation of
the first 4 natural frequencies (0–500Hz) are 0.07%, 0.65%, 1.57%, and 9.2%, respectively. Fig. 5 shows the
frequency response function, coherence, and the phase plots from the experiment. Since the strings at the
boundaries have a finite stiffness, the structure has a very small fundamental frequency around 7Hz which is
related to the rigid body mode of the truss. The second, third, and the fourth natural frequencies are also
shown in the figure. The two modes shown in the figure around the 250Hz are related to the out-of-plane
torsional modes, which are not estimated by the theory. Because we model the structure as a truss there would
be no stiffness in the out-of-plane motion due to the hinge connections: i.e., the structure can fold but not bend
in that direction. The fact that these are the torsional modes has been tested by looking at the imaginary parts
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Table 4

Theoretical and experimental natural frequencies (strain components included in the kinetic energy terms)

Mode Theoretical frequency (Hz) Experimental frequency (Hz) Error (%)

1 6.88 E6.875 0.07

2 154 153 0.65

3 319 324 1.57

4 489 444 9.20

Table 3

Theoretical and experimental natural frequencies

Mode Theoretical frequency (Hz) Experimental frequency (Hz) Error (%)

1 6.88 6.875 0.07

2 154 153 0.65

3 319 324 1.57

4 491 444 9.57
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of the frequency response functions shown in Fig. 5b. As shown in this figure the imaginary part of the
frequency response functions around 250Hz is very small. This clearly shows that the peaks around this
frequency are related to the out-of-plane modes which are measured in a direction different from the
accelerometer measurements. Therefore the accelerometer does not completely capture these peaks. Also, to
assure these are the torsional modes and the peak around the 324Hz is the second bending mode, the
experimental mode shapes are presented in Fig. 6. These are the snapshots for the mode shapes animations,
which are found using the ME’scopeVES software. As demonstrated in these figures the mode shape around
the frequency of 324Hz has clearly the form of the second bending mode shape. This proves that neither of
the two small peaks around the 250Hz can be the second mode. Fig. 7 shows a comparison between the
theoretical frequency response functions plots with and without including the effects of the strings at the
boundaries. From the figure, this effect is more noticeable and needs to be included for the lower frequencies.
However, the higher frequencies (i.e., the first, second, and the third vibration modes) change insignificantly in
this model. This is because the rigid body mode in this structure is well separated from the vibrational modes.
To account for the effect of the strings we consider that the mass of the truss is held by wires with very small
stiffness (a single degree of freedom model) which results in a very small natural frequency for the equivalent
mass-stiffness system (truss and the strings). This frequency has a very small value (E7Hz) which is clearly
shown in the figure. Fig. 8 shows a comparison between the frequency response functions plots for the
experiment and the theory for the case that the effects of the strings at the boundary conditions are not
included. It is also clear from this figure that this effect needs to be included to obtain results in better
agreement with the experiment. A comparison between the frequency response functions from the theory and
experiment when no mass and no strings are included at the boundaries (free–free) are presented in Fig. 9. As
shown, ignoring the mass at the boundaries results in a significant discrepancy between the theory and
experiment which indicates the importance of including the boundary conditions in the form presented in
Section 2.4 (a flaw of the previously published methods).

In reference to Fig. 5d, the coherence values are excellent for this experiment, especially around the
peaks (natural frequencies). There is a significant drop in the value of the coherence around the anti-resonance
frequency which is expected due to a zero response in that region. Fig. 10 provides an enlarged view
of the coherence around the 4th natural frequency. An approximate value of 99% is obtained around
this peak.

Fig. 11 shows the error of the frequency estimations with respect to the wavelengths that is higher for
smaller wavelengths. This is because the error is dependent upon the ratio of the element span to the
wavelength. When the wavelength spans larger number of elements the estimations are more accurate.
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Fig. 6. Snapshots of experimental mode shapes: (a) first mode shape at 153Hz, (b) second mode shape at 324Hz, and (c) third mode shape

at 444Hz.
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Likewise for the wavelengths smaller than the size of the truss element the accuracy of the estimations cannot
be considered accurate. For the fundamental frequency the wavelength is 3m and for the 4th natural
frequency it is approximately 1.7m that spans only 8 elements.
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5. Conclusion

Due to the large size and flexibility of the large space structures, they cannot be tested under the laboratory
conditions. Also, these structures behave differently under such conditions compared to the actual space
conditions. Therefore accurate modeling is a key issue in understanding the dynamics and control of such
structures. One such approach is to derive low-order accurate homogenized models. This method has several
advantages, for example, homogenization techniques result in systems with fewer degrees of freedom and
hence we have simpler models compared to the FEA, which usually produces more number of modes than
actually needed. Also, the existing control law designs for distributed parameter models can effectively be used
for continuum models. Presented here are a homogenized model and the experimental validation of the model
for a planar truss. It is shown that the continuum model found has the form similar to an anisotropic
Timoshenko beam. The governing partial differential equation consists of 3 coupled equations of motion
which are the longitudinal, bending, and rotation of the cross section. The natural frequencies and the
frequency response functions of the system are found for this model. Such results are validated against the
experimental values and they are shown to be in good agreement.
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Appendix A. Strain energy derivation

The strain energy of a bar in tension or compression can be written as

U ðkÞ ¼ 1
2
EðkÞAðkÞLðkÞð�ðkÞÞ2, (A.1)

where e(k) is the strain value along the bar and can be found using the directional cosines between the bar
member and the strain components shown in Eq. (4). Using Eq. (A.1) the strain energy of the truss element
can be found

Ue ¼
1

2
ELALLL ð�

ð2Þ
x Þ

2
þ ð�ð4Þx Þ

2
þ
ð�ð1Þz Þ

2
þ ð�ð3Þz Þ

2

2

� �
þ

1

2
EdAdLd

ð�ð5Þx Þ

2
þ ð�ð5Þxz Þ þ

ð�ð5Þz Þ

2

� �2

. (A.2)

From the strain components in Eqs. (4) and (A.2) the strain energy of an element can be written in terms of
the strain components at the center which is the key in deriving the continuum model. So we get

Ue ¼
1
8
ðEdAdLdð�x þ �z þ 2�xzÞ

2
þ 2ELALLLð4�

2
x þ 2�2z þ L2

Lk
2
zÞÞ. (A.3)

Finally using Eqs. (3) and (A.3) the strain energy can be written in terms of the spatial derivatives of the
displacement components.

To obtain an equivalent 1-D model the strain energy needs to be expanded in terms of the displacement
components evaluated at the center and their derivative values with respect to the x-axis only. Therefore the
strain component ez in Eq. (3) needs to be found in terms of the other strain components. Similar to the
approach used in Refs. [7,8], we use the following relation to solve for ez:

qUe

q�z

¼ 0. (A.4)

Using Eqs. (A.4) and (A.4) we find the following:

ELALLL�z þ
1
4
EdAdLd ð�x þ �z þ 2�xzÞ ¼ 0. (A.5)

A solution to Eq. (A.5) results in the following relation for ez:

�z ¼ �
AdEdLdð�x þ 2�xzÞ

AdEdLd þ 4ELALLL

. (A.6)

Eqs. (A.6) and (A.3) gives us the relation for the strain energy of the element in terms of the strain components
and their derivative along the coordinate x. These are the same as the equivalent 1-D continuum model:

U ¼
1

4ðEdAdLd þ 4ELALLLÞ
ðELALLLð2ð3EdAdLd þ 8ELALLLÞ�

2
x þ 8EdAdLd�x�xz

þ 8EdAdLd�
2
xz þ L2

LðEdAdLd þ 4ELALLLÞk2zÞÞ. (A.7)

Appendix B. Kinetic energy derivation

It can be proved very easily that the kinetic energy of a bar element shown in Fig. B.1 can be written as

T ¼ 1
6
rALðV2

x;1 þ V 2
z;1 þ V 2

x;2 þ V 2
z;2 þ V x;1V x;2 þ Vz;1V z;2Þ, (B.1)

where r, A, L are density, cross-sectional area and length of the bar and the nodal velocity components are
shown in Fig. B.1. Using Eqs. (B.1) and (1) and ignoring the stain terms in the kinetic energy derivations (the
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effect of including this is shown in Section 2.6), we get the following relation for the kinetic energy of the bar
member (k):

T ðkÞ ¼
1

6
rðkÞAðkÞLðkÞ

qu0
1

qt
þ z
ðkÞ
ð1Þ

qc0

qt
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þ 3
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qt
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qu0

1

qt
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ð1Þ

qc0
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qu0

1

qt
þ z
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ð2Þ

qc0

qt

� ��
. (B.2)

Here z(1)
(k) and z(2)

(k) are the z coordinate of each of the two nodes of the bar member (k). Also for the joints
we get

Tj ¼ mj

qu0
1

qt

� �2

þ
qu0

3

qt

� �2

þ
1

4
L2

L

qc0

qt

� �2
 !

. (B.3)

Using Eq. (B.2) the kinetic energy for the truss element (with no joints) can be expanded in the following
form:

Tm ¼
X5
k¼1

T kð Þ ¼
1

2
ð3ALrLLL þ AdrdLd Þ

qu0
1

qt

� �2

þ
qu0

3

qt

� �2
 !

þ
1

24
L2

Lð7ALrLLL þ AdrdLdÞ
qc0

qt

� �2

. (B.4)

Using Eqs. (B.4) and (B.3) we get the relation for the kinetic energy of the truss element as follows:

Te ¼ Tm þ Tj. (B.5)

Appendix C. Partial differential equation solution

Using a similar approach by Doyle [28] the solution of the PDE in Eq. (9) can be found. Making the
assumption of a harmonic solution, we get

u0
1 ¼ U1e

axeiot

u0
3 ¼ U3e

axeiot

c0 ¼ Ceaxeiot

9>=
>;)

u0
1

u0
3

c0

8><
>:

9>=
>; ¼

U1

U3

C

8><
>:

9>=
>;eaxeiot, (C.1)

where U1, U3, and c are the amplitudes of vibration along different coordinates, a is the mode
shape parameter and o is the natural frequency. Substituting Eq. (C.1) in Eq. (8) we get the following
Fig. B1. Schematic view of a bar and the nodal velocities.



ARTICLE IN PRESS
A. Salehian, D.J. Inman / Journal of Sound and Vibration 316 (2008) 180–197196
eigenvalue problem:

c1a c1a c1 þ c3a2 � c4o2

c5a2 c5a2 � c2o2 c5a

�c2o2 þ c6a2 c5a2 c5a

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
H

U1

U3

C

8><
>:

9>=
>; ¼ 0. (C.2)

To obtain a nontrivial solution the determinant of matrix H should vanish. So the following should hold:

DetðHÞ ¼ 0) a1a6 þ a2a4 þ a3a2 þ a4 ¼ 0, (C.3)

where

a1 ¼ c3c25 � c3c5c6,

a2 ¼ c2c3c5o2 � c4c25o
2 þ c2c3c6o2 þ c4c5c6o2,

a3 ¼ �c1c2c5o2 þ c1c2c6o2 � c22c3o
4 � c2c4c5o4 � c2c4c6o4,

a4 ¼ �c1c
2
2o

4 þ c22c4o6. (C.4)

Eq. (C.3) is a cubic polynomial in terms of a2 and the solutions for a are the roots of this polynomial which
appear as complex conjugates. For each of the 6 roots of aj the solution of the mode vectors can be expressed
in the following form:

U1j ¼

c1aj c1 þ c3a2j � c4o2

c5a2j � c2o2 c5aj

������
������ ¼ �c3c5a4j þ c1c2o2 þ c2c3a2j o

2 þ c4c5a2j o
2 � c2c4o4,

U3j ¼ �

c1aj c1 þ c3a2j � c4o2

a2j c5 c5aj

������
������ ¼ c3c5a4j � c4c5a2j o

2,

Cj ¼

ajc1 ajc1

a2j c5 a2j c5 � c2o2

������
������ ¼ �c1c2ajo2. (C.5)

Here subscript j denotes each of the 6 roots aj(j:1-6) for a frequency o. Finally the free vibration solution can
be expanded in terms of the mode vectors, mode shape parameters (aj) and natural frequencies, o, as follows:

u0
1ðx; tÞ

u0
3ðx; tÞ

c0ðx; tÞ

8><
>:

9>=
>; ¼

X6
j¼1

dj

U1j

U3j

Cj

8><
>:

9>=
>;eajxeiot, (C.6)

where coefficients d (j:1-6) are the modal participation factors of the mode shape parameters aj for each
frequency o and can be found from the boundary conditions as shown in Section 2.4.
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